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S2. Computed results by a classical dielectric function
We consider the structure as a uniaxial crystal with an average dielectric constant and write the dielectric constant (ε z ) for a direction (z) perpendicular to the layers in the framework of the effective media approximation (32, 47) . ε well and ε barrier of the alloy materials are given by the following formulae where d αq is the TO phonon annihilation operator, e * is the effective charge of the ions, M is their reduced mass, and the phonon microcurrent is defined by 
is the light-matter coupling constant, which is similar to the expression for Ω of the intersubband polariton in the dipole gauge (31). Here, is the phonon plasma frequency and is deduced from the measured phonon frequencies. Hence, the Rabi coupling energy (Eq. (1) in the main text), expressing the minimum splitting of the two blanches, is given by
The polariton dispersion is obtained by solving the following equation
where ω c is the cavity photon frequency, ω p is the plasma frequency associated with the phonon excitation having a resonance energy of ħω o , and f p is their filling factor of the phonon-containing material in the cavity. We consider the AlAs TO phonon excitation as providing a mechanical resonance at ω o = ω TO . The effective plasma frequency of the Al and As ions is given by ω p = (ω LO 2 ω TO 2 ) 1/2 . f p is here defined as the volume fraction of AlAs as used in a dielectric function model under the effective medium approximation. The measured AlAs ħω LO = 45.8 meV and ħω TO = 43.2 meV, together with f p = 0.067, give Ω R =2.0 meV. Equation (12) is solved using the following approach. At an energy ħω A = 47.7 meV chosen to be much larger than the anticrossing point of the phonon and photon excitations, the slope of the dispersion is determined mostly by interband transitions (12). In addition, at this point, the contribution of the polarizations of InAs and GaAs is large enough to neglect that one of AlAs because of their higher volume ratios (41% for GaAs and 53% for InAs) as compared to the one of AlAs (6%). Hence the waveguide group index n g and effective index n eff are approximately determined by the reference QCLs in which all the AlInAs barriers are replaced by GaAsSb ones. While n g (= 4.3) is retrieved from the longitudinal mode spacing of the FP cavity laser of one of the InGaAs/GaAsSb reference structures, the effective index n eff (= 3.3) is derived from the grating period dependence on the emission wavelength of first order distributed feedback lasers based on the same reference structure (see in the supplementary 5). Thus, the bare cavity frequency ω c is given as a function of k by
The polaritonic branches, obtained by solving equations (12) and (13), enables us to compute the group index of n g = c ∂k/∂ω) as a function of ω and compare it to the measured n g as shown by the red line in Fig. 4B .
S5. Laser characteristics of the first order distributed feedback laser based on InGaAs/GaAsSb First order distributed feedback (DFB) laser structures equipped with a lateral grating and a quarter wave shift, as depicted in fig. S2 A, were used for the measurements of the effective refractive index n eff . The wafer used was EP1562 listed in Table S1 . The DFBs show single mode emission with a threshold current density of ≈ 350 mA see figs. S2 B and C). As seen in fig. S2 D, n eff = 3.3 was obtained from a relationship between the lasing wavelengths and the grating periods, which is in good agreement with the simulated results by the commercial software (COMSOL Multiphysics 5.2a). A group index of n g = 4.3 is measured by the laser mode spacing of the Fabry-Pérot laser as depicted in fig. S2 E.
S6. Transport and gain simulations
The structure EV2128 has been simulated using a non-equilibrium Green's function (NEGF) model (25), and the resulting current-bias is shown in fig. S3 A. There is a good agreement with the experimental data, considering the simulated optical gain is starting to surpass the calculated losses for a current density of 10.4 kA/cm 2 , which is close to the observed threshold current density of 10.3 kA/cm 2 (which in addition includes a phononic contribution to the gain). The gain spectra are also consistent with the EL spectra in Fig. 2 in the main text considering the large phonon optical absorption between 42 -46 meV photon energy and which also show a blue shift with increasing injected current. We then take the results from the NEGF transport simulation to calculate the phonon-polariton emission rate as in Ref. (24), resulting in a peak emission-to-loss ratio of 2 for an energy of 48 meV.
S7. Selection rules for Raman backscattering
For TO phonon modes in zinc-blende crystals (with T d point group) which are written in the x = [100], y = [010], and z = [001] crystallographic axis, the Raman scattering tensors for the TO phonon polarized along the x, y, z axis are given by [45, 52] 
Here we take the crystal growth axis in the z direction axis. In our measurement geometry, the excitation light propagates in the direction. The relevant Raman tensor (R) is R z for the light excitation polarized in the [001] direction (vertically polarized light (V)) while a linear combination of R x and R y is used for the light polarized in the [110] (horizontally polarized light (H)). The scattered intensity is given by
where e L and e S are polarizations of the incident and the scattered light polarization (V or H polarization). Raman selection rules based on (14) and (15) are derived and shown in Table S2 .
S8. Phonon-polariton dispersion for 4.7 THz QCLs
We have also simulated and measured Raman spectra of QCLs emitting at 4.7 THz. fig.  S4 shows the computed polariton dispersion of a GaAs/AlGaAs laser (53). Around the emission frequency, we find a phonon fraction in the polariton of ~10% and the laser is operating with almost linear dispersion. In fig. S5 we show Raman measurements of an InGaAs/AlInGaAs QCL. Again, due to the large detuning from the GaAs phonon at 32 meV, no polariton features can be seen. Simulated current density at a lattice temperature of 100 K. The maximum current density is close to the experimental one (13 kA/cm 2 ). (B) Simulated optical gain at two applied electric fields; close to the experimental threshold current (green) and close to the maximum current density (red). For electric fields between these two, the gain peak lies in the region of anomalous dispersion between the TO and LO phonon energies. At the lower electric field, the optical gain at an energy of 48 meV is 65/cm, just below the calculated optical losses of 68/cm. Table S1 . Layer structures and properties of all the grown samples. Threshold current densities (J th ) and emission energies were measured around T = 50 K. Reported is also the maximum operating temperature (T max ) and the simulated peak gain at threshold.
